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Dynamics of money
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We present a dynamical many-body theory of money in which the value of money is a time dependent
‘‘strategic variable’’ that is chosen by the individual agents. The value of money in equilibrium is not fixed by
the equations, and thus represents a continuous symmetry. The dynamics breaks this continuous symmetry by
fixating the value of money at a level which depends on initial conditions. The fluctuations around the
equilibrium, for instance in the presence of noise, are governed by the ‘‘Goldstone modes’’ associated with the
broken symmetry. The idea is illustrated by a simple network model of monopolistic vendors and buyers.
@S1063-651X~99!12308-0#
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I. INTRODUCTION

In classical equilibrium theory in economics@1#, agents
submit their demand-versus-price functions to a ‘‘cent
agent’’ who then determines the relative prices of goods
their allocation to individual agents. The absolute prices
not fixed, so the process does not determine the valu
money, which merely enters as a fictitious quantity that
cilitates the calculation of equilibrium. Thus, tradition
equilibrium theory does not offer a fundamental explanat
of money, perhaps the most essential quantity in a mod
economy.

Indeed, a ‘‘search-theoretic’’ approach to monetary e
nomics has been proposed@2–4#. Agents may be eithe
money traders, producers, or commodity traders. They
domly interact with each other, and they decide whethe
not to trade based on ‘‘rational expectations’’ about the va
of a transaction. After a transaction the agent changes
one of the two other types of agents. This theory has a ste
state where money circulates. As other equilibrium theor
this theory does not describe a dynamics leading to
steady state, of sufficient detail for one to simulate it.

In equilibrium theory, all agents act simultaneously a
globally. In reality, agents usually make decisions loca
and sequentially. Suppose an agent has apples and w
oranges. He might have to sell his apples to another a
before he buys oranges from a third agent: hence mone
needed for the transaction, supplying liquidity. It stores va
between transactions.

Money is essentially a dynamical phenomenon, since
intimately related to the temporal sequence of events.
goal is to describe the dynamics of money utilizing ideas a
concepts from theoretical physics and economics, and
show how the dynamics may fix the value of money.

We study a network of vendors and buyers, each of wh
has a simple optimization strategy. Whenever a transactio
considered, the agent must decide the value of the goods
services in question, or, equivalently, the value of mon
relatively to that of the goods and services he intends to
or sell. He will associate that value to his money that
believes will maximize his utility. Thus, the value of mone
is a ‘‘strategic variable’’ that the agent in principle is free
PRE 601063-651X/99/60~3!/2528~5!/$15.00
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choose as he pleases. However, if he makes a poor choic
will loose utility.

For simplicity, we assume that agents are rather myo
they have short memories, and they take into account o
the properties of their ‘‘neighbors,’’ i.e., the agents wi
which they interact directly. They have no idea about wh
happens elsewhere in the economy.

Despite the bounded rationality of these agents,
economy self-organizes to an equilibrium state where th
is a spatially homogeneous flow of money. Since we defi
the dynamics explicitly, we are, however, also able to tr
the nature of this relaxation to the equilibrium state, as w
as the response of the system to perturbations and to n
induced fluctuations around the equilibrium. These pheno
ena are intimately related to the dynamics of the system,
cannot be discussed within any theory concerned only w
the equilibrium situation.

Our model is a simple extension of Jevons’@5# example
of a three agent, three commodity economy with the failu
of the double coincidence of wants, i.e., when only o
member of a trading pair wants a good owned by the oth
A way out of the paradox of no trade where there is gain
be obtained by all, is to utilize a money desired by and h
by all. Originally this was gold, but here we show that t
system dynamics can attach value to ‘‘worthless’’ pap
money.

We find that the value of money is fixed by a ‘‘bootstrap
process: agents are forced to accept a specific value
money, despite this value’s global indeterminacy. The va
of money is defined by local constraints in the network, n
by trust. By ‘‘local,’’ we simply mean that each agent inte
act only with a very small fraction of other agents in h
neighborhood.

This situation is very similar to problems with continuou
symmetry in physics. Consider, for instance, a lattice of
teracting atoms forming a crystal. The crystal’s physic
properties, including its energy, are not affected by a unifo
translationX of all atoms, this translational symmetry is co
tinuous. Nevertheless, the positionx(n) of the nth atom is
restricted by the position of its neighbors. This broken co
tinuous symmetry results in slow, large-wavelength fluctu
tions, calledGoldstone modes@6,7# or ‘‘soft modes.’’ These
2528 © 1999 The American Physical Society
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PRE 60 2529DYNAMICS OF MONEY
modes are easily excited thermally, or by noise, and t
gives rise to large positional fluctuations.

II. MODEL

In our model, we considerN agents,n51,2,...,N, placed
on a one-dimensional lattice with periodic boundary con
tions. This geometry is chosen in order to have a simple
specific way of defining who is interacting with whom. Th
geometry is not important for our general conclusions c
cerning the principles behind the fixation of prices.

We assume that agents cannot consume their own ou
so in order to consume they have to trade, and in orde
trade they need to produce. Each agent produces a qua
qn , of one good, which is sold at a unit pricepn , to his left
neighborn21. He next buys and consumes one good fr
his neighbor to the right, who subsequently buys the good
his right neighbor, etc., until all agents have made two tra
actions. This process is repeated indefinitely, say, once
day.

For simplicity, all agents are given utility functions of th
same form

un52c~qn!1d~qn11!1I n~pnqn2pn11qn11!. ~1!

The first term,2c, represents the agent’s cost, or disple
sure, associated with producingqn units of the good he pro
duces. The displeasure is an increasing function ofq, andc
is convex, say, because the agent gets tired. The second
d, is his utility of the good he can obtain from his neighbo
Its marginal utility is decreasing withq, so d is concave.
This choice ofc and d is common in economics; see, e.g
@3#.

An explicit example is chosen for illustration and ana
sis,

c~qn!5aqn
a , d~qn11!5bqn11

b . ~2!

The specific values ofa, b, a, andb are not important for
the general results, as long asc remains convex andd con-
cave. For our analysis we choosea5 1

2 , b52, a52, andb
5 1

2 .
The last term represents the change in utility associa

with the gain or loss of money after the two trades. Not
that the dimension ofI n is @utility per unit of currency#, i.e.,
the physical interpretation is thevalue of money.

Each agent has knowledge only about the utility functio
of his two neighbors, as they appeared the day before.
agents are monopolistic, i.e., agentn sets the price of his
good, and agentn21 then decide how muchqn , he will buy
at that price. This amount is then produced and sold—th
is no excess production. The goal of each agent is to m
mize his utility, by adjustingpn andqn11 , while maintaining
a constant~small! amount of money. Money has value on
as liquidity. There is no point in keeping money, all that
needed is what it takes to complete the transactions of
day.

Thus, the agents aim to achieve a situation where
expenditures are balanced by the income:

pnqn2pn11qn1150. ~3!
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When the value of money is fixed,I n5I , the agents op-
timize their utility by charging a price

p521/3I 21 ~4!

and selling an amount

q522 2/3 ~5!

at that price. This is the monopolistic equilibrium.
Note that the resulting quantitiesq, are independent of the

value of money, which thus represents a continuous sym
try. There is nothing in the equations that fixes the value
money and the prices. Mathematically, the continuous sy
metry expresses the fact that the equations for the quant
are ‘‘homogeneous of order one.’’ The number of equatio
is one less than the number of unknowns, leaving the va
of money undetermined. We shall see how this continu
symmetry eventually is broken by the dynamics.

Agentn tries to achieve his goal by estimating the amou
of goodsqn , that his neighbor will order at a given price
and the pricepn11 , that his other neighbor will charge at th
subsequent transaction.

Knowing that his neighbors are rational beings like him
self, he is able to deduce the functional relationship betw
the pricepn , that he demands and the amount of goodsqn ,
that will be ordered in response to this. Furthermore, he
able to estimate the size ofpn11 , based on the previou
transaction with his right neighbor. This enables him to d
cide what the perceived value of money should be, and he
how much he should buy and what his price should be. T
process is then continued indefinitely, at timest
51,2,3, . . . .

This defines the game. The strategy we investigate c
tains the assumption that agents do not change their va
tion of moneyI , between their two daily transactions, an
they maximize their utility accordingly.

The process is initiated by choosing some initial valu
for the I ’s. They could, e.g., be related to some former go
standard.

In fixing his price at his first transaction of dayt, agentn
exploits the knowledge he has of his neighbors’ utility fun
tions, i.e., he knows that the agent to the left will maximi
his function with respect toqn,t

]un21,t

]qn,t
50; ~6!

hence the left neighbor will order the amount

qn,t5~ I n21,tpn,t!
22. ~7!

This functional relationship between the amount of goo
qn,t , ordered by agentn21 at timet and the pricepn,t , set
by agentn, allows agentn to gauge the effect of his price
policy. Lacking knowledge about the value ofI n21,t , agent
n instead estimates it to equal the value it had in the previ
transactionI n21,t21 , which he knows. Eliminatingqn,t from
Eq. ~1! we obtain
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un,t52
1

2
I n21,t21

24 pn,t
2412Aqn11,t

1I n,t~pn,t
21I n21,t21

22 2pn11,tqn11,t!. ~8!

Maximizing this utility un,t , with respect topn,t andqn11,t
yields

pn,t521/3I n,t
2 1/3I n21,t21

2 2/3 , ~9!

and

qn11,t5~ I n,tpn11,t!
22. ~10!

By arguments of symmetry,

pn11,t521/3I n11,t
2 1/3 I n,t21

2 2/3 ~11!

is the price agentn11 will demand of agentn in the second
transaction. Since agentn does not yet know the value o
I n11,t , he instead uses the known value ofI n11,t21 when
estimatingpn11,t .

In the constraint Eq.~3!, the following expressions ar
used:

qn5qn,t
(guess)5~ I n21,t21pn,t!

22, ~12!

pn115pn11,t
(guess)521/3I n11,t21

2 1/3 I n,t21
2 2/3 , ~13!

qn115qn11,t
(guess)5~ I n,tpn11,t

(guess)!22, ~14!

andpn is given by Eq.~9!. Solving for I n,t , and evaluating
at timet11, we find@8#

I n,t115~ I n21,t
4 I n,t

2 I n11,t!
1/7, ~15!

which sets agentn’s value of money on dayt11 equal to a
weighted geometric average of the value agentn and his two
neighbors prescribed to their money the previous day. Us
this value of I n , agentn can fix his pricepn and decide
which quantityqn11 , he should optimally buy. This simpl
equation completely specifies the dynamics of our mod
The entire strategy can be reduced to an update schem
volving only the value of money—everything else follow
from this. Thus, the value of money can be considered
basic strategic variable.

Although Eq.~15!, has been derived for a specific simp
example, we submit that the structure is much more gene
In order to optimize his utility function, the agent is forced
accept a value of money, and hence prices, which pertai
his economic neighborhood. Referring again to a situat
from physics, the position of an atom on a general lattice
restricted by the positions of its neighbors, despite the
that the entire lattice can be shifted with no physical con
quences.

Even though there is no utility in the possession
money, as explicitly expressed by Eq.~3!, the strategies and
dynamics of the model nevertheless leads to a value b
ascribed to the money. The dynamics in this model is driv
by the need of the agents to make estimates about the co
transactions. In a sense, this models the real world wh
agents are forced to make plans about the future, base
knowledge about the past—and, in practise, only a very l
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ited part of the past. In short: the dynamics is generated
the bounded rationality of the agents.

In the steady state, where the homogeneity of the uti
functions giveI n5I n11 , we retrieve the monopolistic equi
librium equations~4! and ~5!.

III. SOLVING THE DYNAMICS

Taking the logarithm in Eq.~15! and introducinghn,t
5 ln(In,t) yields the linear equation:

hn,t115
4

7
hn21,t1

2

7
hn,t1

1

7
hn11,t , ~16!

describing a Markov process. Now assume thathn,t is a
slowly varying function of (n,t) and that we may think of it
as the value of a differentiable functionh(x,t) in (x,t)
5(ndx,tdt). Then, expanding to first order indt and sec-
ond order indx, we find the diffusion equation

]h~x,t !

]t
5D

]2h~x,t !

]x2 2v
]h~x,t !

]x
, ~17!

with diffusion coefficientD5 5
14 (dx)2/dt, and convection

velocity v5 3
7 dx/dt. The generatorT, of infinitesimal time

translations is defined by

]h~x,t !

]t
5Th~x,t !. ~18!

Taking the lattice Fourier transformation, the eigenvalu
of T are found to belk52k2D2 ikv, where the periodic
boundary condition yieldsk5 (2p/N) l ; l 50,1,...,N21.
The damping time for each modek, is given by tk
5(k2D)21, i.e., it increases as the square of the system
N. The only mode that is not dampened hask50, and is the
soft ‘‘Goldstone mode’’ @6,7# associated with the broke
continuous symmetry with respect to a uniform shift of t
logarithm of prices in the equilibrium:

All prices can be changed by a common factor, but
amount of goods traded will remain the same. The rest of
modes are all dampened~for a finite-size system!, and hence
the system eventually relaxes to the steady state.

Figures 1 and 2 show results from a numerical solution
Eq. ~16! for 1000 agents with random initial values for th
variablesh ~sampled from a uniform distribution on the in
terval @0,2#!. Figure 1 shows the spatial variation of prices
two different times—convection with velocityv5 3

7 dx/dt is
clearly seen, while the effect of diffusion is not visible o
this time scale. The relatively weak effect of diffusion mea
that spatial price variations, such as those shown in Fig
can travel around the entire lattice many times before dif
sion has evened them out. Consequently, the individual a
experiences price oscillations with slowly decreasing am
tude, as seen in Fig. 2.

Thus, despite the myopic behavior of agents, the sys
evolves towards an equilibrium. But in contrast to equili
rium theory, we obtain the temporal relaxation rates towa
the equilibrium, as well as specific absolute values for in
vidual prices. The value of money is fixed by the history
the dynamical process, i.e., by the initial condition combin
with the actual strategies by the bounded rational agents
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FIG. 1. Variation of prices for all agents a
two different times,t53000 ~solid line! and t
53200 ~dotted line!.
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IV. NOISE

If an agent is suddenly supplied with some extra amo
of money, he will lower his value of money, hence increa
his price and consequently work less and buy more goo
the effect being inflation propagating through the system
described by the solution to Eq.~17! for a delta-function
initial condition @9#. Likewise, the destruction or loss o
some amount of money by a single agent will affect t
whole system. These are both transient effects, and in
steady state the same amount of goods will be produced
consumed, as before the change.

In general, there might be some noise in the system,
to imperfections in the agents’ abilities to optimize prope
their utility functions, or due to external sources affecting t
utility functions. A random multiplicative error in estimatin
the value of money transforms to a linear noise in Eq.~17!.
We assume that the noiseh(x,t), has the characteristics
^h(x,t)&50 and ^h(x,t)h(x8,t8)&5Ad(x2x8)d(t2t8).
Adding it to Eq.~17! and taking the Fourier transform~with
periodic boundary conditions in a system of sizeL! one finds
the equal-time correlation function:
t
e
s,
s

he
nd

e

e

^@h~x!2h~0!#@h~x8!2h~0!#&

5
A

2DL (
q

q22~eiqx21!~e2 iqx821!, ~19!

where q5 (2p/L) n; n50,61,62,... . For x5x8 and L
→` this becomes

^@h~x!2h~0!#2&5
A

2D
x, ~20!

viz., the dispersion for a biased random walker in one dim
sion with positionh, time x, and diffusion coefficientA/4D.
In the presence of noise, the agents no longer agree abou
value of money, and there will be large price fluctuation
The fluctuations reflect the lack of global restoring force d
to the continuous global symmetry.

How much money is needed to run an economy? In t
model-economy the total amount of money is reflected in
agents’I ’s, and is always conserved, as seen by
e
ic
FIG. 2. Price variation for a single agent. Th
oscillations are an artifact due to the period
boundary condition, settinghN11,t5h1,t .
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(
n

~pnqn2pn11qn11!50, ~21!

since we have periodic boundary conditions. No matter w
the initial amount of money in the system is, the system w
go to the equilibrium where precisely that amount
needed—the finalI ’s are fixed by the initial money supply
The total amount of money in the economy is irreleva
since the utility and amount of goods exchanged in the fi
equilibrium does not depend on that. However, as previou
described, changes in the amount of money have interes
transient effects.

V. CONCLUSION

Here we considered a simple toy model with simple m
nopolistic agents. In general, economy deals with com
cated heterogeneous networks of agents, with complic
e
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ng

-
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ed

links to one another, representing the particular ‘‘game
they play with one another. We submit that the general p
ture remains the same. At each trade, the agents evaluat
value of money, by analyzing their particular local situatio
and act accordingly. The prices charged by the agents wil
constrained by those of the interacting agents. It would
interesting to study the formation and stability of marke
where very many distributed players are interested in
same goods, but not generally interacting directly with o
another. Indeed, we have considered an allied model wi
market structure introduced in a related, more explici
economics-oriented discussion@4#.

Modifications of this network model may also provide
toy laboratory for the study of the effects of the introducti
of the key financial features of credit and bankruptcy as w
as the control problems posed by the governmental role
varying the money supply.
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